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Abstract 
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1 Introduction 

Finding robust string realizations of gauge theory models that exhibit dynamical SUSY 
breaking (DSB) is an important facet of string phenomenology. While recent studies have 
uncovered a growing number of string systems with DSB, there are only a few examples 
known in which the SUSY breaking mechanism is well understood from both the gauge 
theory side and the geometric string perspective. 

The dynamical mechanism of SUSY breaking assumes that the lagrangian is supersym- 
metric but that, due to non-perturbative dynamics, the vacuum configuration breaks SUSY 
at an exponentially low scale [1]. In general, such non-supersymmetric vacuum states need 
not be the true vacuum of the theory, but may instead represent long-lived metastable 
states. While controlled examples of metastable vacua in string theory have been known 
for some time [2], the increased recent interest in their manifestations and properties was 
sparked by the discovery by Intriligator, Seiberg, and Shih of a metastable SUSY breaking 
vacuum for SQCD with Nf > N^. massive flavors [3]. Realizations of the ISS mechanism 
in string theory, as well as other stringy systems with metastable SUSY breaking, have 
since been found |1] |5] |6] [7] . Another recent advancement has been to merge the calcula- 
tional power of geometric transitions with insights from fleld theory to engineer basic fleld 
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theoretic models of SUSY breaking [8] . 

In this paper, we will consider gauge theories on D-branes near a singularity inside a 
Calabi-Yau manifold. Our goal is to identify a general geometric criterion for the existence 
of F-type SUSY breaking, and to use this insight to construct simple examples of D-brane 
systems that exhibit metastable SUSY breaking. F-type SUSY breaking corresponds to the 
unsolvability of F-term equations 

dW 

where iy(<l>) is a superpotential depending on the chiral field $. The simplest example 
of this type is the Polonyi model, consisting of a single chiral field with superpotential 
= /$ in which SUSY is broken by the non zero vacuum energy V ~ 

We will assume that the non-perturbative dynamics manifests itself in deformations of 
a theory with unbroken SUSY. The main purpose of our paper is to study the consequences 
of these deformations. In the context of D-branes in IIB string theory, deformations of the 
superpotential correspond to complex deformations in the local geometry. The deformed 
geometry still satisfies the Calabi-Yau condition and the D-brane lagrangian is fully super- 
symmetric but the vacuum configuration of the gauge theory breaks SUSY spontaneously. 
In the geometric setting, this corresponds to a D-brane configuration that, while submerged 
inside a super symmetric background, gets trapped in a non-supersymmetric ground state. 

As a simple illustrative example, consider type IIB string theory on a C^/Z2 orbifold 
singularity [9] [10], with fractional D5-branes wrapped on the collapsed 2-cycle. The 
corresponding field theory consists of a U{N) gauge theory with a complex adjoint chiral 
field Since the Z2 orbifold locus defines a non-isolated singularity inside C'^, the fractional 
D5-branes are free to move along a complex line. The location of the branes along the 
non-isolated singularity is parameterized by the A^ diagonal entries of the complex field $. 
As we discuss in more detail in section 2, there exist a deformation of the singularity that 
corresponds to adding the F-term 

= C Tr$ (2) 

to the superpotential. Geometrically, the parameter ( is proportional to the period of the 
holomorphic two-form over the deformed 2-cycle. The fractional D-brane gauge theory then 
breaks SUSY in a similar way to the Polonyi model. This simple observation lies at the 
heart of many type IIB D-brane constructions of gauge theories that exhibit F-term SUSY 
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breakingo SUSY breaking via D-terms can be described analogously^ 

We wish to use this simple geometric insight to construct more interesting gauge theories 
with DSB, and in particular, with ISS-type SUSY breaking and restoration. When viewed 
as a quiver theory, the ISS model has two nodes, a "color" node with gauge group SU (N) 
and a "flavor" node with SU{Nf ) symmetry. The "flavor" node has an adjoint field. This 
suggests that the flavor node must be represented by a stack of Nf fractional branes on a 
non-isolated singularity. The "color" node, on the other hand, does not have an adjoint, and 
thus corresponds to branes that are bound to a fixed location. The natural representation 
for the color node is via a stack of branes placed at an isolated singularity. 

Our geometric recipe for realizing an ISS model in IIB string theory is as follows: 

1. Find a Calabi-Yau geometry with a non-isolated singularity passing through an isolated 
singularity such that there exists a deformation of the non-isolated singularity. 

2. Put some number of D-branes on the isolated singularity and some number of fractional 
branes on the non-isolated singularity. By conservation of charge, the branes can not 
leave the non-isolated singularity. 

3. When we deform the non-isolated singularity, an F-term gets generated that results in 
dynamical SUSY breaking. The fractional branes have a non-zero volume, and their 
tension lifts the vacuum energy above that of the SUSY vacuum. 

4. There is a classical modulus corresponding to the motion of the fractional branes along 
the non-isolated singularity. This modulus can be fixed in a way similar to ISS, by the 
interaction with the branes at the isolated singularity. 

Following this recipe we will geometrically engineer, via an appropriate choice of the 
geometry and fractional branes, gauge theories that are known to exhibit meta-stable DSB. 
The eventual goal is to fully explain in geometric terms all field theoretic ingredients: the 
field content and couplings, the meta-stability of the SUSY-breaking vacuum, and the 
process of SUSY restoration. While in our examples we will be able identify all these 

^F-term SUSY breaking in type IIB D-brane constructions naturally involves deformed non- 
isolated singularities, that support finite size 2-cycles which D5-branes can wrap Deformations 
of isolated singularities correspond to 3-cycles that in type IIB cannot by wrapped by the space- 
time filling D-branes. 

^ Turning on the FI parameters of the type IIB D-brane gauge theory amounts to blowing up 
the collapsed two-cycles of a CY singularity. These blowup modes are Kahler deformations of the 
geometry, and are somewhat harder to control in a type IIB setup than the complex structure 
deformations that we use in our study. 
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ingredients, we will not have sufficient dynamical control over the D-brane set-up to in fact 
proof the existence of a meta-stable state on the geometric side. Rather, by controlling the 
geometric engineering dictionary, we can rely on the field theory analysis to demonstrate 
that the system has the required properties. 

This wish to have geometrical control over the field theory parameters also motivates 
why we prefer to work with local JIB D-brane constructions. Although we will work in a 
probe approximation, in principle we could extend our analysis to the case where the number 
of branes becomes large. In this AdS/CFT limit, there should exist a precise dictionary 
between the couplings in the field theory and the asymptotic boundary conditions on the 
supergravity fields [llj. By changing these boundary conditions one can tune the UV 
couplings. This in principle allows full control over the IR couplings and dynamics. 

The organization of the paper is as follows. In section 2, as a warm-up, we discuss the 
F-term deformation of D-branes on C^/Z2. In section 3 we describe the realization of meta- 
stable supersymmetry breaking via D-branes on the suspended pinch point singularity. We 
find that supersymmetry restoration involves a geometric transition. In section 4 we give the 
IIA dual description of the same system and find that it is similar to the IIA constructions 
of [5l[T2]. Finally, in section 5, we present a D-brane realization of the Intriligator-Thomas- 
Izawa-Yanagida model [1H[I5], as an example of a system in which the F-term, that triggers 
SUSY breaking, is dynamically generated via a quantum deformation of the moduli space. 

When this paper was close to completion, an interesting paper fS] appeared in which 
closely related results were reported^ In agreement with our observations, in [Sj the F-term 
SUSY breaking takes place due to the presence of fractional D5-branes on slightly deformed 
non-isolated singularities. One of the main points in p] was to show that the deformation 
can be computed exactly in the framework of geometric transitions: this is an important 
step in finding calculable examples of SUSY breaking in string theory. The main point of 
our paper is to identify simple geometric criteria for the existence of SUSY breaking vacua 
that can have more direct applications in model building. 



^The IIB string realizations of DSB found in ^ were motivated by the earlier related work [16] 
in type IIA theory, and by the idea of retrofitting simple systems with DSB, put forward in |17] . 
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2 Deformed CV^2 



The C^/Z2 singularity, or Ai singularity, is described by the following complex equation in 

cci = a^ (a,6,c)GC3. (3) 

A D3-brane on C^/Z2 has a single image brane. The brane and image brane recombine in 
two fractional branes. Correspondingly, the quiver gauge theory for D3-branes at the 
Ai singularity has two U{N) gauge groups. It also has two adjoint matter fields $i and 
$2 (one for each gauge group), and two pairs of chiral fields Ai and Bj i,j = 1,2 in the 
bifundamental representations ( A^, A^) and ( A^, A^) [9] [10] . The superpotential reads 

W = ^Tr$i(Ai52 - B1A2) +gTT^2{A2Bi - B2A1) (4) 

A D3-brane has 3 transverse complex dimensions. The transverse space C^/Z2 x C has 
a non-isolated Ai singularity. It is therefore possible to separate the fractional branes. 
This corresponds to giving different vevs to the two adjoint fields. In the limit of infinite 
separation one can consider a theory with only one type of fractional brane. This theory 
consists of a f/ (A^) gauge field with one adjoint matter field and no fundamental matter. 
Let us add an F and a D-teim 

Wf = CTt{^2-^i), Vd=^Tt{D2-D,). (5) 

The resulting F and D-term equations read 

'^lAi-Ai<^2 = 0, A2^'l-^2^2 = 0, AiB2-BiA2 = C, 

(6) 

$lBi-Bi$2 = 0, S2$l-$2S2 = 0, |Ai|2 + |Si|2-|^2p- 1^21^ = 6 

These equations allow for a supersymmetric solution, provided we set the adjoint vevs to 
be equal, $1 = $2- For generic ( and ^, some of the A and B fields acquire vevs and 
break the U{N) x U {N) symmetry to a diagonal U{N). This corresponds to joining the 2A^ 
fractional branes into A^ D3-branes. The space of solutions of the F and D-term equations 
is the space where the D3-brane moves, which turns out to be a deformed Ai singularity 
described by the equatior§| 

cd = a{a — (), (7) 

^The general deformations of orbifold singularities of C'^ where found by Kronheimer [18j as 
some hyperkahler quotients. Douglas and Moore noticed [9] that these hyperkahler quotients are 
described by the F and D-term equations for D-branes at the corresponding orbifold singularities. 
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where c = A1A2, d = B1B2 and a = A1B2 = B1A2 + C are the gauge invariant combinations 
of the fields (in the last definition we used the F-term equation for the $ field). 

The F-term coefficient ( deforms the singularity, the D-term coefficient, or FI param- 
eter, ^ represents a resolution of the Z2 singularity. In two complex dimensions both the 
resolution and the deformation correspond to inserting a two-cycle, E ~ CP^, instead of 
the singular point. The parameters ^ and ( are identified with the periods of the Kahler 
form and the holomorphic two-form on the blown up 2-cycle E 



The non-supersymmetric vacuum state arises in the regime where the vevs of the two 
adjoint fields $1 and $2 are both different. Geometrically, this amounts to separating the 
two stacks of fractional branes. The bifundamental fields {Ai, Bi), which arise as the ground 
states of open strings that stretch between the two fractional branes, then become massive. 
In the deformed theory, the F-term equations can not be satisfied and SUSY is broken. In 
the extreme case, where one of the two stacks of fractional branes has been moved off to 
infinity, so that e.g. ($2) 00, the system reduces to the Polonyi model: a single U{N) 
gauge theory with a complex adjoint $1 and superpotential W = CTr$i. The vacuum 
energy V = A^|CP is interpreted as the tension of the N fractional branes wrapped over the 
deformed two-cycle. 

Strictly speaking the single stack of fractional branes on a deformed singularity is a 
supersymmetric configuration (one manifestation is that the spectrum of particles in Polonyi 
model is supersymmetric). In order to break SUSY we really need the second stack of 
different fractional branes on a large but finite distance. In this case, the SUSY breaking 
vacuum is not stable due to the attraction between the two stacks of branes. 

Before we get to our main example of the SPP singularity, let us make a few comments: 

1. The gauge theory on N fractional branes on the C^/Z2 singularity is an A/" = 2 U{N) 
theory. If we deform the singularity, then SUSY is broken, whereas in general, M = 2 
theories are not assumed to have SUSY breaking vacua (see, e.g.. Appendix D of |^). The 
point is that the SUSY breaking occurs in the U{1) part of U{N) that decouples from 
SU{N). Moreover the A/" = 2 f/(l) theory consists of two non-interacting A/" = 1 theories: 
a vector boson and a chiral field. Thus the chiral field ip = Tr$, responsible for SUSY 
breaking, is decoupled from the rest of the fields in J\f = 2 U (N) and SUSY is broken in 
the same way as in the Polonyi model. 

2. In general, we consider A/" = 1 theories on isolated singularities that intersect non- 
isolated singularities. With appropriate tuning of the couplings, the fractional branes wrap- 





(8) 
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ping the non-isolated cycles provide an A/" = 2 subsector in the M = 1 quiver. Removing 
the D-branes along the non-isolated singularity reduces the field theory on their world vol- 
ume to M = 2 SYM. For this reason the fractional branes on the non-isolated singularity 
can be called M = 2 fractional branes [19] [20]. Similarly to /Z2 example, the presence 
of A/" = 2 fractional branes on slightly deformed non-isolated singularity breaks SUSY. 

3. The use of A/" = 2 fractional branes is the distinguishing property of our construction 
from SUSY breaking by obstructed geometry [I9] [21] [22] . The presence of the non-isolated 
singularity enables the relevant RR-fiuxes escape to infinity without creating a contradiction 
with the geometric deformations. In this way one can avoid the generic runaway behavior 
(see, e.g., [23] [21]) of obstructed geometries (in our case we still need to take the one loop 
corrections to the potential into account in order to stabilize the fiat direction along the 
non-isolated singularity). 

3 ISS from the Suspended Pinch Point singularity 

In this section, we will show how to engineer a gauge theory with ISS-type SUSY breaking 
by placing fractional branes on the suspended pinch point (SPP) singularity. First, however, 
we summarize the arguments that lead us to consider this particular system. 

As we have seen in the previous section, several aspects of the ISS model are quite similar 
to the C^/Z2 = Ai quiver theory. The term linear in the adjoint in the ISS superpotential 
is the C deformation of the Ai singularity. Both models have two gauge groups (the global 
fiavor symmetry SU{Nf) in ISS can be thought of as a weakly coupled gauge symmetry). 
The fiavor gauge group is bigger than the color gauge group - this can be achieved in 
the Ai quiver by introducing an excess of fractional branes of one type. The vevs of 
bifundamental fields break SU{Nf) x SU{N) SU{N)diag x SU{Nf - N). The breaking 
of SU{N) X SU{N) — s> SU{N)iiiag corresponds to recombination of pairs of fractional 
branes into A^ (supersymmetric) D3-branes. The vacuum energy is proportional to the 
tension of the remaining Nj — N fractional branes. 

There is however an important difference between the two systems. In ISS it is crucial 
that the color node SU{N) doesn't have an adjoint field and that all the classical moduli 
are lifted by one loop corrections. In the C^/Z2 orbifold there is also an adjoint in the 
"flavor" node. Giving equal vevs to the two adjoints in the C^/Z2 quiver corresponds to 
the "center of mass" motion of the system of branes along the non-isolated singularity. This 
mode doesn't receive corrections and remains a flat direction. 

Thus, the key distinguishing feature of ISS relative to the C^/Z2 model is that the 
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color gauge group SU{N) has no adjoints. For constructing a geometric set-up, we need a 
mechanism that fixes the position of the D3-branes. The gauge theories without adjoint 
fields are naturally engineered by placing D-branes on isolated singularities. 

Our strategy will be to find an example of a geometry that has a non-isolated Ai 
singularity that at some point gets enhanced by an isolated singularity. The fractional 
branes on the Ai will provide the SU{Nf) symmetry; they interact with branes at the 
isolated singularity, that carry the SU{N) color gauge group. Such systems are easy to 
engineer. The most basic examples are provided by the generalized conifolds [25], the 
simplest of which is the suspended pinch point singularity|§ 

A similar mechanism of dynamical SUSY breaking for the SPP singularity was previ- 
ously considered in [20]: SUSY is broken by the presence of D-branes on the deformed 
Ai singularity. The essential difference is that in our case the Ai singularity is deformed 
without the conifold transitions within the SPP geometry. In fact, we will show that the 
conifold transition is responsible for SUSY restoration. 



3.1 D-branes at a deformed SPP singularity 

The suspended pinch point (SPP) singularity may be obtained via a partial resolution of a 
X 7j2 singularity [28]. It is described by the following complex equation in 

cd = a%, (a, b, c, d) e . (9) 

There is a C^/Z2 singularity along 6 7^ 0. The quiver gauge theory for A^ D3-branes at the 
SPP singularity is shown in figure [TJ It was derived in [28] by turning on an FI parameter 
^ in the Z2 x Z2 quiver gauge theory, and working out the resulting symmetry breaking 
pattern. The superpotential of the SPP quiver gauge theory reads 

W = Ti (^^{YY - XX) + h{ZZXX - ZZYY)^ (10) 

where h is a dimensionful parameter (related to the FI parameter via h = C,^^^^). 

As a quick consistency check that this theory corresponds to a stack of D3-branes on the 
SPP singularity, consider the F-term equations for a single D3-brane. The gauge invariant 

^ The relevance of generalized conifolds and, in particular, the suspended pinch point was 
stressed to us by Igor Klebanov. See also [1] [26] |27j for the earlier constructions of the metastable 
SUSY breaking vacua in the generalized conifolds. 
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U(N) Z U(N) 



Figure 1: Quiver gauge theory for N D3-branes at a suspended pinch point singularity. 

combinations of the fields are 

a = XX ^YY c = XYZ 

b^ZZ d = YXZ (11) 

where we used the F-term equation for $. These quantities (a, b, c, d) satisfy the constraint 
cd = which is the same as the equation for the SPP singularity. 

Following our recipe as outlined in the introduction, we now deform the non-isolated 
Ai singularity inside the SPP as follows 

cd = a{a - C)b. (12) 

This deformation removes the Ai singularity, replacing it by a finite size 2-cycle. The 
deformed SPP geometry has two conifold singularities, located at a = and a = (, with all 
other coordinates equal to zero. In the field theory, the above deformation corresponds to 
adding an F-term of the form 

W^^-CTr{^-hZZ). (13) 
This extra superpotential term is chosen such that the F-term equations for $ and Z 

XX -YY - C = 0, Z{YY -XX + C) = 0, (14) 

are compatible. 
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The correspondence between f|T3l) and f|T2|) is easily verified. Again, consider the gauge 
theory on a single D3-brane. In view of the deformed F-term equation, the quantity a now 
needs to be defined via 

a = YY = XX + C (15) 

The constraint equation thus gets modified to cd = a{a — Qb, which is the equation for the 
deformed SPP singularity. 

As we increase (, the two conifold singularities at a = and a = ( become geometrically 
separated and the D-branes end up on either of the two conifolds. The field theory should 
thus contain two copies of the conifold quiver gauge theory. To verify this, consider the 
vacuum Y = Y = which solves both the F-term equations ( fT4l) and the D-term 

equations |Fp = 0. These vevs break the gauge group SU{N)ixSU{N):i to SU{N)diag 

and give a mass to the Higgs-Goldstone field Y_ = -^(Y — Y). Substituting the remaining 
fields in the superpotential, one finds that the fields $ and Y^ = "^(^ + ^) are also massive. 
The surviving massless fields with the superpotential 

Wcon = h{ZZXX - ZZXX) (16) 

reproduce the conifold quiver gauge theory. 

In general, both X and Y have vevs and the D-branes split into two stacks N1 + N2 = N 
that live on the two conifolds. Note, that the Z field in f|T3|) corresponds to strings stretching 
between the two conifolds. The mass of this field is proportional to the length of the string 
given by the size of the deformed two-cycle. 

3.2 Dynamical SUSY breaking 

A straightforward way to generate dynamical SUSY breaking is to reproduce the ISS model 
by placing some fractional branes on the SPP singularity. Suppose that there are Nf = N + 
M fractional branes corresponding to node 1 in figure [Tj fractional branes corresponding 
to node 3, and no fractional branes at node 2. The reduced quiver diagram is shown in 
figure [21 The superpotential for this quiver gauge theory is 

= /iCTr($) - /iTr($rF) , (17) 

which is the same as the ISS superpotential in the IR limit [3], with the SU{N) identified 
as the "color" group and SU{N + M) as the "fiavor" symmetry. The only difference 
between our gauge theory and the ISS system is that the "flavor" symmetry is gauged. 
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The corresponding gauge coupling is proportional to a certain period of the B-field. We 
can tune it to be small and treat the gauge group as a global symmetry in the analysis of 
stability of the vacuumQ 

An empty node in the quiver introduces some subtleties, since there might be instabilities 
or flat directions at the last step of duality cascade leading to this empty node. In Appendix 
A we show that this quiver can be obtained after one Seiberg duality from an SPP quiver 
without empty nodes. 

Recall that in the field theory SUSY is broken since the F-term equations for $ 

YY = C1n+m (18) 
cannot be satisfied by the rank condition. In the vacuum where 

rF = Cliv, (19) 

the SU{N)i X SU{N + M)3 gauge symmetry is broken to SU{N)diag x SU{M)^. The 
superpotential for the remaining M x M part of the adjoint field reduces to the Polonyi 
form 

W = hCTiMi^). (20) 

The metastable ground state thus has a vacuum energy proportional to Mh'^C,'^. 

We can interpret the SUSY breaking vacuum on the geometric side as follows. Our 
system contains fractional branes that wrap one of the conifolds inside the deformed 
SPP singularity, and (A^ + M) fractional branes that wrap the 2-cycle of the deformed Ai. 
The $ = vacuum corresponds to putting all the (A^ + M) fractional branes on top of the 
A^ branes at the conifold (see fig. [2]). 

The Y modes represent the massless ground states of the open strings that connect 
the two types of branes. The non-zero expectation value f|T9|) for YY corresponds to a 
condensate of these massless strings between A^ branes wrapping and A^ branes wrapping 
«! = —a2 — OL-i- As a result of condensation, these two stacks of A^ fractional branes 
recombine into A^ fractional branes wrapping —a2 at the second conifold. The remaining 

^ In fact, the restriction on the coupling is not very strong, because the SUSY breaking field 
Tr<I> couples only to the bifundamental fields Y, Y through the superpotential (jl7p (see also figure 
[2]). Since the stabilization of the SUSY vacuum comes from the masses of these bifundamental 
fields it is sufficient to require that the corrections to the masses due to the gauge interactions are 
small at the SUSY breaking scale. 
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Figure 2: A particular combination of fractional branes on the SPP singularity and the 
corresponding quiver gauge theory that reproduce the ISS model. The cycle ai is a non- 
isolated two-cycle of the deformed A\ singularity inside the SPP. The cycles a2 and 
denote the isolated two-cycles on the two conifolds that remain after the deformation of the 
Ai singularity. The cycles satisfy ai+a2 + 0i^ = 0. The N fractional branes wrapping 03 are 
super symmetric. The N + M fractional branes wrapping ai break SUSY. This combination 
of fractional branes corresponds to zero vevs of the bifundamental fields in the ISS. 

M fractional branes around the deformed Ai end up in a non-supersymmetric state. The 
diagonal entries of the MxM block in $ parameterize the motion of the M branes along the 
deformed non-isolated singularity. The corresponding configuration of branes is represented 
in figure [31 

The stability of the SUSY breaking vacuum is a quantum effect in the field theory — 
there are pseudo- moduli that acquire a stabilizing potential at one loop [3] . In the D-brane 
picture this should correspond to the back reaction of the branes that makes the two-cycle 
at the deformed Ai singularity grow as one moves away from the conifold. (Alternatively 
one can think about a weak attraction between the branes.) It would be interesting to 
derive this directly from SUGRA equations, since it would complete the geometric evidence 
for the existence of the SUSY breaking vacuum. 

3.3 SUSY restoration 

Let us discuss SUSY restoration in this setup. The SUSY vacuum is found by separating 
the (A^ + M) fractional branes on the deformed C^/Z2 singularity from the A^ fractional 
branes at the conifold. This separation amounts to giving a vev to $. Initially this costs 
energy. The fields Y and Y become massive. Below their mass scale, the theory on the A^ 
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Figure 3: In the metastable vacuum. N supersymmetric fractional branes wrap the —02 
cycle of the second conifold. The remaining M fractional branes wrap the non-isolated cycle 
ai = ~ai — 0:3 and are weakly bound to the N branes at the conifold. This configuration 
of fractional branes is obtained from the configuration in figure IE by giving vevs to the 
bifundamental fields. 

fractional branes at the conifold becomes strongly coupled and develops a gaugino conden- 
sate. This condensate deforms the conifold singularity, and generates an extra term in the 
superpotential for $ that eventually restores SUSY. 

On the gauge theory side, the SUSY restoring superpotential term arises due to the fact 
that the value of the gaugino condensate depends on the masses of Y and Y, and these 
in turn depend on the vev of As a result [3], the gaugino condensation modifies the 
superpotential for $ to (here Nf = N + M) 



Due to the extra term, the F-term equations 



can be solved. In fact there are Nj— N = M SUSY vacua ^ = ^k, with k = 1, .. , M. 

On the geometric side, the SUSY vacuum is interpreted as the ground state of + M 
fractional branes in the presence of a deformed conifold singularity. Suppose that the 
deformed conifold is the one located at a = (. One can describe the situation after the 
geometric transition by the following equation 




(21) 



cd = a((a — ()b + e) . 



(23) 
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Figure 4: To reach the supersymmetric ground state, the N + M fractional branes on the Ai 
2-cycle move away from the conifold. The N fractional branes on the conifold then drive 
the geometric transition: the two-cycle is replaced by the three sphere . After the 
transition, the size of the Ai 2-cycle reaches a zero minimum at a new conifold singularity 
(indicated by the position of ai). 

The original conifold singularity at a = C is now a smooth point in the geometry. However, 
a new singularity has appeared in the form of an undeformed conifold a.ta = c = d = 
and b = e/(. The D5-branes that were originally stretching between a = and a = ( can 
thus collapse to a supersymmetric state by wrapping the zero-size 2-cycle of the undeformed 
conifold. This process is the geometric manifestation of SUSY restoration in the underlying 
ISS gauge theorylfl 

Using the geometric dual description, it is possible to rederive the field theory super- 
potential fl2T|) and even compute higher-order corrections. The calculation goes as follows, 
[8J. Let us rewrite the geometry (|23|) as: 

uv = (z - x){{z + x){z - X - C) + e) , (24) 
®A similar mechanism of SUSY restoration in the case of SPP singularity was anticipated in 

m 
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Figure 5: The gauge theory potential as a function of the vevs of the adjoint $ and bi- 
fundamental Y . Suppose we start at point a corresponding to the situation in fig. with 
the zero vevs of $ and YY . This point is unstable and there are two possibilities. If the 
bifundamental fields YY get a vev, then we end up in the metastable ISS vacuum in fig. 
0. // the adjoint field $ gets a vev, then we follow the path to the SUSY vacuum (an 
intermediate point on the SUSY restoring path is shown in fig. 

where z — x = a, z + x = b. Also it is useful to introduce the following notation 

~Z2ix)=C/2-^{x + C/2)^-e 

(25) 

S,{x)=C/2+^{x + C/2y-e 

The conifold singularity is at z = x = e/2(^ = x^,. If initially the fractional D-branes on the 
deformed Ai were stretching between zi{x) and zs{x), then after the geometric transition, 
they stretch between zi{x) and z^ix). They can minimize their energy by moving (or 
tunneling) to the conifold singularity at z = zi{x^:) = 53(x=k). 

For the geometric derivation of the superpotential, we take the deformation parameter 
e to be dynamical, and related to the gaugino condensate via e = 2S% We also identify 
$ with the location x of the D5-branes relative to the (deformed) conifold at a = (. The 

^The constant 2 appears due to the consistency conditions between the geometric derivation 
of the superpotential and the KS superpotential for the conifold. 



Zi{x) = X 
Z2{x) = —X 

zs(x) =x + C 
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superpotential for the gaugino condensate together with the adjoint field is [8] 

W{S, $) = NS{\og ^-l) + -S + W{^, S) . (26) 
-'^ 9s 

The first two terms comprise the famihar G VW superpotential [29j W = J QAG3 evaluated 
for the deformed conifold supported by N units of RR 3- form fiux [3n][3I]- The last term 
W{^, S) has a closely related, and equally beautiful, geometric characterization in terms 
of the integral of holomorphic 3-form 

S)= j n (27) 

over a three chain F bounded by the 2-cycle wrapped by the D5 braneF^I Following [8], we 
can reduce the integral (l27j) for our geometry (12^ to an indefinite 1-d integral 

W{x) = / (zsix) - zi{x))dx (28) 



with Zi{x) and Z3{x) given in 

Let us show that the geometric expression fl28l) reproduces the gauge theory superpo- 
tential. In the appropriate limit, a; ^ e, C, we find from fl28|) 



W{S,^) = CTr$ - 51og(<l>/A^) . (29) 

Here we identify {x,e) with ($,25*), and use the integration constant to introduce a scale 
Am- Physically, sets the scale of the Landau pole for the IR free theory with 3A^ < Nf. 
Minimizing fl2^ with respect to 5* we find 

^= (A^det($/A„))^ (30) 

If we substitute 5* back in ( l26i) . we get exactly ( 1211) (up to an overall sign and after the 
redefinition $ /i$). By expanding the full geometric expression (!28|) to higher orders, 
one can similarly extract the multi-instanton corrections to the superpotential. 



-'^'^This contribution to the superpotential is easily understood from the perspective of the GVW 
superpotential. The D5-brane is an electric source for the RR 6- form potential Cg, and a magnetic 
source for the RR 3-form field strength F3 = dC2- If the D5 would traverse some 3-cycle A, this 
process will induce a jump by one unit in the i^s-flux through the 3-cycle B dual to A, and thereby 
a corresponding jump in the GVW superpotential. Continuity of the overall superpotential during 
this process dictates that the D5-brane contribution must take the form (j27p . 
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Our system in fact has other supersymmetric vacua besides the one just exhibited. 
These arise because, unhke the ISS-system, the flavor symmetry is gauged. If we move 
M fractional branes away from the conifold singularity in figure [3l then the fractional 
branes wrapping the conifold 2-cycle ^2 may also induce a geometric transition. As in the 
above discussion, this transition also restores SUSY. For a suitable choice of couplings, the 
extra SUSY vacuum lies farther away than the one considered above. The ISS regime arises 
when the coupling of the initial "color" SU{N) gauge group is sufficiently bigger than the 
coupling of the gauged "flavor" group SU{N + M), ^ gi- (Note that after the symmetry 
breaking, the coupling of SU{N)diag C SU{N) x SU{N + M) is of order gi.) In this section 
we assumed that we are in this ISS regime. 



4 Type IIA dual of the SPP singularity 

In this section we present the type IIA dual of our discussion of D-branes at the SPP 
singularity. In particular, we study the F-term deformations in the corresponding system 
of NS-branes and D-branes and prove that the IIA dual of the SPP singularity is equivalent 
to the known IIA representations of ISS [5], [121 

D-branes at singularities of CY manifolds in IIB are T-dual to D-branes stretching 
between NS-branes in type IIA [32] [33]. Consider D3-branes at the SPP singularity 
described by the following equation in 

uv = x^z. (31) 

The resulting space has 6 real dimensions (x4, ...,0:9). Denote x = x 4^ + 1x5 and z = xs+ixg. 
For V one can solve equation fl3Tl) for u. Let v = re*'^ and denote Xq = if, Xy = r. After 
T-duality in the compact dimension xg, we get the conflguration of NS branes (blue) and 
D4-branes (green) in type IIA (this conflguration is depicted in flgureOon the left). 

The zeros of polynomials on the right hand side of ( 13T|) represent the intersection of 
NS-branes with the circle in xq. There is one NS brane at 2; = and two NS' branes at 
X = (we use the prime to distinguish the two NS branes at x = from the NS brane at 
z = 0). The NS branes span the following dimensions 

NS (0 1 2 3 4 5) (32) 
NS' (0 1 2 3 8 9) (33) 

The D4-brane between the two NS' branes can freely move in the z direction. This corre- 
sponds to the motion of the fractional D3-branes along the line of Z2 singularities in the z 
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Figure 6: On the left there are N D4-branes on the "SPP singularity". After the addition 
of the F-term the SPP singularity is transformed to two conifolds at x = and x = (. 
The N D^-hranes split into Ni + N2 = N D^-hranes at the two conifolds. (The D^-hranes 
are green and the NS branes are blue.) 

direction of (ETl) . The length of the D4 brane in x^ is mapped, via T-duahty, to the period 
of the B- field on the corresponding shrunken P^: 

Ax^ = (34) 
Jpi 9 

The corresponding field theory is the same as the type IIB quiver gauge theory (ITU]) . 
As we have shown earlier the F-term deformation (fT3l) corresponds to the deformation of 
the Z2 singularity in the SPP 

uv = x{x — Qz (35) 

In the IIA dual picture this corresponds to moving one of the NS' branes from x = to 
X = (. This theory has two conifold points: at x = and at x = (. The corresponding 
configuration of branes is shown in figure [6] on the right. 

To get the ISS vacuum we take Nf D4-branes between the two NS' branes and 
D4-branes between NS2 and NS such that Nf > N. The corresponding superpotential is 

W = Tr(C$ - $<^<^) (36) 
The F-term equations for the $ fields are 

(pip = (iNfXNf (37) 

The fields (p and acquire vevs and break the gauge group as SU{Nf) x SU{N) — > 
SU{N)diag X SU{Nf — N). This corresponds to recombination of the D4-branes shown in 
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Figure 7: On the left there are Nf D^-hranes stretching between NS[ and NS2 and N 
D^-hranes stretching between NS'2 and NS. After turning on the F-term, (, there are 
N supersymmetric D^-branes (green) stretching between NS[ and NS and {Nf — A^) D4- 
branes (red) that have non zero size in the x direction and violate the SUSY. The dashed 
lines represent the empty cycles in the geometry (empty nodes in the corresponding quivers). 



figure [71 The SUSY breaking is due to the {Nf — N) D4-branes stretching a finite distance 
bet"ween x = and x = (: the tension of these branes creates the vacuum energy. We note, 
that this configuration of NS-branes and D4-branes is closely related to the constructions of 
[13] ■where the SU{Nf) symmetry is slightly gauged compared to the earlier constructions 
[5|, [12] where the SU{Nf) is a fiavor symmetry. 



5 F-term via a Deformed Moduli Space 

In the previous sections we introduced the F-terms by hand, assuming that they are gen- 
erated somewhere else in the geometry and are not affected by the local field theory (see, 
e.g., the constructions in [8]). In this section we consider an example of F-term generation 
in the local field theory by a quantum modified moduli space analogous to the Intriligator- 
Thomas-Izawa-Yanagida model [HI Unj. Our setup is related to the M-theory example 
considered in [31] . 

In order to obtain an ITIY-like model we consider the deformed ^3 singularity in IIB 
string theory: 

uv = x^^l (38) 

Recall that the C'^/Z^ = singularity has the equation uv = x^ in C^. The corresponding 
quiver gauge theory [9J for D3-branes at the A3 singularity has four U {N) gauge groups, 
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four Af = 2 hypermultiplets in bifundamental representations of the gauge groups, and four 
adjoint fields. 

The deformation ( l38ll corresponds to giving the masses to two adjoint fields on oppo- 
site nodes of the C'^/Z^ quiver. A general derivation of the correspondence between the 
geometric deformations and the superpotential for the adjoint fields can be found in [35] . 
Intuitively, an adjoint field gets a mass if the corresponding fractional brane wraps a col- 
lapsed two-cycle that has a non-zero volume away from x = z = 0. After integrating out 
the massive adjoint fields, the remaining fields are the four U (N) gauge groups with bifun- 
damental matter between them and two adjoint fields corresponding to the non-isolated Z2 
singularities a.tu = v = x = and u = v = z = 0. 

Next, let us add an 03 plane located atu = v = x = z = 0. We take the action of the 
03 plane to be the same as in |36j : 

u V, f — > M, X —X, z —z (39) 

The f/(A^) gauge groups become S0(2N \ 2) and Sp{N). 

To generate the ITIY model, we occupy two out of the four nodes in the quiver. The 
corresponding quiver gauge theory is shown in figure [HI The fractional branes corre- 
sponding to node 1 give rise to an Sp{N) gauge theory with dynamical scale A, while the 
A^ + 1 fractional branes corresponding to node 2 realize an S0{2N + 2) theory with dy- 
namical scale A'. In our example, the beta function for the Sp{N) gauge group is bigger 
than for S0{2N + 2), i.e. the Sp{N) gauge group confines first. We assume that A A' 
and treat the weakly coupled S0{2N + 2) symmetry as global. 

The tree-level superpotential is inherited from the C^/Z4 cubic superpotential 

W = h^.jQ'Q^ (40) 

where $ is an adjoint of S0{2N + 2) and the quarks, Q, transform as bifundamentals of 
Sp{N) X SO{2N + 2). 

Denote the mesons of the Sp{N) gauge group by M*-' = Q^QK After the confinement 
of Sp{N), the theory has a quantum-deformed moduh space of vacua 

PfM = A2^+2 (41) 

The superpotential (l^Oj) then becomes 

W = h^M + A(Pf M - A2^+2) . (42) 
where A is the Lagrange multiplier imposing the constraint (I^Tl) . 
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SO(0) 



Sp(0) 



Figure 8: Quiver gauge theory that reproduces the ITIY model. It is obtained by putting some 
fractional branes on an orientifold of the deformed singularity. The circles represent the 
occupied nodes, while the squares correspond to the empty nodes in the quiver. The field Q 
is in the bifundamental representation of Sp{N) x S0(2N + 2). a denotes fermionic zero 
modes of the D-instantons wrapping the Sp{Q) node. 

SUSY is broken since the F-term equations for the $ field cannot be satisfied. Indeed, 
the deformed moduh space guarantees that 

- = M ~ AV 0. (43) 

Note that we needed to introduce the 03 plane in order to (dynamically) break SUSY 
since otherwise we would have to take baryonic directions B, B into account in ( HTl) . In the 
absence of competing effects, the baryons are tachyonic and so our potential would take us 
to zero vev for M, thus allowing the system to relax to a SUSY groundstate. 

In order to get a geometric interpretation of the SUSY breaking, let us solve the F-term 
equations for the A and M fields 



PfM - A2^+2 _ 0; (44) 
+ 

Then, the superpotential for $ reads 



h^ij + APfM • = 0. 



W = 2hK\N + . (45) 

Any $ can be obtained by an S0{2N + 2) rotation from a given element $0, ^ = O^qO^, 
where we take 

*oH'_°^^ (46) 
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with 

i? = diag(ri, ...,r^r+l) (47) 

The anti-symmetric form of $ is due to the orientifold projection. Now, plugging (H6l) into 
(j45|l and extremizing the resulting potential, we see that 



V = 4/^2 J-j ]^ |r, |i^ > Ah^A\N + 1) 



(48) 



with the inequality saturated for ri = ... = r^+i, i.e. 



Then Pf$ = r^+^ and 

= 2/iA2(iV + l)r. (50) 

In other words, this is a Polonyi model in the flat r direction with a set of Goldstone 
bosons parameterizing the space of broken symmetries S0{2N + 2)/U{N + 1). In fact, 
these goldstone bosons will get eaten at the scale A since 



M = AM " . (51) 




as a consequence of satisfying the F-term equations in (jHj) (this holds for Vr 7^ and 
therefore holds in the limit r — > 0). 

Now, by construction, r is uncharged under the U{N+1) group of remaining symmetries. 
Hence, in particular, we can treat r as a center of mass coordinate of the D-brane system. 
Then, in analogy with the previous sections, we interpret this superpotential as coming 
from the complex deformation of the singularity 

uv = {z- hA^) {z + hA^)x^ (52) 

Here we take the deformation to be invariant under the 0-plane action. In the case of the 
ITIY model, this geometric interpretation has an important limitation. In the previous 
constructions we assumed that the deformation parameter is a vev of some field that has 
a mass much bigger than the scale of i-e. that we can decouple its dynamics from the 
D-brane dynamics. For the ITlY, the mass of the M fields is proportional to A, i.e. the 
dynamics of M start to play a role already at the SUSY breaking scale. In other words, 
the geometric formula (l52l) should be trusted only for x, z^u^v <^ his?. 
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Let us now show that SUSY is restored in this model by contributions from the D- 
instantons wrapping the empty nodes in quiver [Hi The presence of empty nodes seems 
rather generic in constructions of the ITIY model from D-branes at singularities. The 
presence of the 03-plane then allows non trivial D-instanton contributions to the superpo- 
tential0 In the case of the Sp{0) node, the '+' orientifold projection lifts the additional 
zero modes of the D-instanton and allows it to contribute to the superpotential [371 EHl [39] 
(the corresponding D-instanton zero modes are represented by a in figure [H]), while the '-' 
sign of the projection on the 5*0(0) node does not lift the extra zero modes and so no 
contribution to the superpotential is expected from that node. 

Integrating out the fermionic zero modes, aj, resulting from a Euclidean Dl brane 
wrapping node 3 gives rise to an exponentially suppressed deformation of the superpotential: 

W = h^M + ePf $ (53) 

where the suppression factor is given by: 

e ~ e"*/^^ (54) 

with t the period of B^^ + iggB^^ on the corresponding shrunken 2-cycle. Note that since 
$ has Sp{N) non-anomalous R-charge +2, the second term in ([53ll breaks the R-symmetry 
and SUSY will be restored for $ that satisfies: 

A 2+2/iV / A2 \ ^ 



Since e is parametrically small, we can take it such that the model is rendered metastable. 
For $ near the origin, however, the stringy instanton contribution will be dominated by 
the F-term induced by the Sp{N) quantum deformed moduli space. Based on the form 
of the D-instanton contribution, we are tempted to identify this term with a geometrical 
transition in f[52l) . Formally, we can do this and maintain compatibility with the orientifold 
projection in the limit in which A ^ (this reflects the fact that SUSY restoration occurs 
in an entirely different regime of field space $ ^ A): 

uv = xz{xz — s) (56) 

The stability of the SUSY breaking vacuum can be analyzed similarly to [50]. The 
field r introduced in (H9|) is a pseudo-modulus. This pseudo-modulus is lifted upward by 



Additional non-perturbative effects in the U{N + 1) C SO{2N + 2) theory are small provided 
we take A' sufficiently small. 
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corrections to the potential leaving a metastable SUSY-breaking vacuum at the origin, 
$ = 0. 

One might be worried that contributions from the gauge fields could destabilize the 
vacuum. The first thing to note is that the r field is not charged under the subgroup 
U{N + 1) C S0{2N + 2) unbroken below A. The contributions to the potential from the 
broken S0{2N + 2)/U{N + 1) gauge sector can be neglected if the corresponding coupling 
is smaller than the coupling of the matter fields, g <^ h, which can be arranged via an 
appropriate geometric tuning@ 



6 Concluding remarks 

In this paper we presented a simple geometric criterion for the existence of a meta-stable 
F-term SUSY breaking vacuum in world-volume gauge theories on D-branes. We showed 
that the basic ingredients of the ISS theory can be realized by placing fractional D-branes 
on a slightly deformed non-isolated singularity passing through an isolated singularity. We 
characterized both the meta-stable non-SUSY and stable SUSY vacuum states. 

A gap in our study, and an important direction to be explored, is the detailed super- 
gravity analysis of the SUSY breaking vacuum. On the field theory side, the one-loop 
corrections to the potential are crucial for lifting the classical degeneracy and stabilizing 
the meta-stable vacuum. In the D-brane picture this corresponds to a weak attraction be- 
tween the D-branes at the isolated singularity and the M D-branes at the non-isolated 
Ai singularity. This attraction presumably arises due to some back reaction that slightly 
deforms the 2-cycle of the Ai singularity, such that its area is minimized near the isolated 
singularity. 

Our construction may be used to introduce SUSY breaking in phenomenological models 
involving D-branes at singularities of CY manifolds. For example, take the construction 
of an SM-like theory in terms of D-branes on a del Pezzo 8 singularity considered in [H]. 
As argued in [H], the symmetry breaking towards the SM requires the formation of an A2 
singularity on the del Pezzo 8 surface. This A2 lifts to a non-isolated singularity on the cone 
over del Pezzo. The results in this paper suggest that, if we slightly deform this non-isolated 
singularity and put a suitable collection of fractional branes on it, we can engineer a SUSY 

The couplings of the gauge fields can be tuned by changing the periods of the i3-field. If we 
had an accidental J\f = 2 supersymmetry, then the couplings g and h would be related, but in our 
J\f = 1 setup they are not protected against independent changes. 
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breaking hidden sector, with charged matter that interacts with the SM part of the quiver. 
In this way we may be able to build a semi-realistic phenomenological model. 
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Figure 9: Quiver gauge theory of the fractional brane configuration on the SPP singularity 
that reduces to ISS model after confinement of the SU {2N + M) gauge group at node 2. 

A. ISS quiver via an RG cascade 

In this appendix we show that the ISS quiver in figure [2] can be obtained after one Seiberg 
duality from an SPP quiver in figure [91 

This quiver is obtained from the quiver in figure [1] by adding M fractional branes to 
node 3, and N + M fractional branes to node 2, so that the respective ranks of the gauge 
groups become N + M and 2N + M. Note, that this theory has an infinite duality cascade 
that increases the ranks of the gauge groups, i.e. we can suppose that we start in the UV 
with some big ranks of the gauge groups and after a number of duality steps arrive at quiver 
M Let us show that after one more duality at node 2 we reproduce the ISS model. 

The theory has gauge group U{N) x U{2N + M) x U{N + M), one adjoint under U (N) 
and three vector-like pairs of bi-fundamentals. The superpotential is given by the sum of 
([TO]) and ([13]) 

W = Ti (^-C^ + i>(fr - XX) + h{ZZXX - ZZYY + CZZ)^ . (57) 

The SU{2N + M) gauge group confines first. This gauge group has Nf = and thus 
the gauge group after the Seiberg duality is U{N) x U{N + M). The two U{1) factors can 
be represented as the overall f/(l) (that decouples) and the non-anomalous U{1)b gauge 
group. Denote the meson fields as M^x = XX, M^z = XZ, M^x = ZX, and M^z = ZZ . In 
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addition there are two baryons A and B. After the Seiberg duahty, the superpotential is 
W = Tr (-(<!' + $(Fr-M,,) + /i(M,,M,,-M,,FF + CM,,)) 

+ A I det I ]-AB- A^^+^A (58) 

Here A is a lagrange multipher field. Its constraint equation is the quantum deformed 
relation between the baryon and meson fields, and dictates that either the baryons or 
mesons acquire a non-zero vev. We assume that we are on the baryonic branch 

AB = -A4^+2M _ (59) 

The vevs of the baryons break the non- anomalous U{1)b- The D-term equations for U{1)b 
fix |Ap = \B\\ 

The adjoint field $, and the meson fields M^x, M^z, and Mzx are all massive. So we can 
integrate them out. The reduced gauge theory has gauge group SU{N) x SU{N + M), a 
pair of bi-fundamental fields {Y, Y), and a meson field 

$ = Mzz (60) 

that transforms as an adjoint under SU{N + M). After integrating out the massive fields, 
the superpotential (l58l) reduces to the ISS superpotential in the magnetic regime [3] 

W = hCTr{^) - hTT{^YY) , (61) 

Up to relabeling the nodes 1 and 3, this quiver gauge theory coincides with the quiver in 
figure [21 
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